
Math 565: Functional Analysis
Lecture 17

Dual of a top . v .S . X and weakt topology,

For ahop . v . s . X , let X
& denote the rector space of continuous functionals on X.

Remark
.
As mentioned last time

,
when the top , on X is generated by seminoms, X

*
is a

rich space by Hahn-Banach.

To equip X* with a reasonable topology , recall that**** and equip X
*

with the subspace hopology of the product/pointwise conregence top on*
We all this the weak stopology and write futet for weakt convergence.

Obs . (9) Io -ef : <) fu(x)-> f(x) for all xeX .

18) Weakt top is generated by sets (xHB) := <EX*: f(x) + B) where xeX , Bad
is an open ball.

(c) A basis for weakd top is finite intersections of the sets [x13B] i
. e.

u

(x, It B
,
xit Bz

, ...,
Xn#Bu] := 1 [xi H Bi] .

i= 1

(d) Weakt top is Hauschorff since eX is

Pbs
.
When X is a wormed rector space , X

&
is also equipped with the room topology,

which is stronger has more open sets) than weak t topology because weakt is

generated by functions fitf(x) : X&& K and these functions are continues
in the norm topology , in fact

, they are Lipschitz constant 1x11 :

1 f(x) - g(x)) = ((f -y)(x)) = 11x11 : Ilf-yll .

Example . It X := I' so 118 is isonetrically icon . No 19
,
i.e. The worm on 1918 is



the same as the lo-room
. Let kenl = &*, where en := 1sus· Note Met llen-emll=

when mem
,
so this sequence does not converge

in norm. However
,
en-P

bease for each xee'
,
X(n) -> 0 and en evaluated at x is Zenli) xi) = X (n)

.

IEN

Although workt on X* makes sense for may top . V. S. X ,
it has most structure when X is a

wormed rector space. Thus , from now on
,
we focus on normed rector spaces.

We will show hot in -dim spaces , weakt is strictly weaker Ran the norm top
.

Clearly , X*: Lin(X
,
KI = &Y

,

where Link,) := Stek: t is linearh. The set
Lin (X

,
4) in closed because not being lineur is withened by two/three coordinates

and such sets are open in the product top . Let B* demote the closed unit ball in X.

Prop . The restriction
map frefix : Lin(X,) -> Link , 4) = C

*
is a homeomorphism.

Propf
. Firstly , it is a bijection bease f(x) = 1x1I fli *) for all x*BY

.

It is also

a homeomorphism beae for
any not (filizi = Lin (X,) and FELiu(X, 4),
fi-f pointwiseL file -> flex pointwise

This shows that both the restriction map and its inverse are continuous.

For 220
,
let B*:= 3 FEX*: /Ellar) denote the raduis closed unit ball

in X*wot the worm).

Cor
.
ForrsP

,
Be is homeomorphic to Lin (BY

,
BrP) via the restriction

map
fre flex.

In particular , X
&

is homeomorphic do We Lin (BY
, B) .

Proof
. If EBF Men f(Y) = Br base Hfxl = Iflxl * V for all xB

And if fex*, then Flex Lin 15 , Ent) for any nollfll.

Banach-Alaogh Obs
.

Bi is compact in the weak o top.



Proof . B in te weakt top is homeom
.
do Lin (BY

,
B P7 which is a close subset

of (B)
BY and the latter space is compact by Tychonoff's Morene ,

so Lin (B*
, Bit

is compact as well beae closed subsets of compart spaces we respect

Prop . If X is separable, Run the weakt hop on B,t is metrizable
.

Thus
,
B is

squentially compact in the weekt top (i. e . every sequence has a convergent subsequence.

Proof
.

LetDo be a itbl dense at in X
,
so D:= D1BY is dense in By

. By the

continuits of each FeX*
,
t is determined by its values on D

,
and flip is determined

by Elp .. Thus
,
one can show Not = Lin (B*, B) = LinID, Bit) ,

Mich

is a closed subset of (B)*. But ctbl products of metric spaces are metrizable,
so BP is rebrizable· The details will appear in HW.

Examples. Recall that for an left top , space X
,
Co(X)

*
= RM() := the space of all

complex Radon measures on X. For (Mal = RM(X) and MERM ,
M + * M :<> Jidm-> (fdr for all te Co(X) .

This is called vague convergence of measures.

(a) let (xul = X so Ex
.

ERM(X). Then Nu : = i Ex : are still probability measures

so (M) = BI have they have a convergent subnet
,
and also a convergent

subsequence if CoW) is separable le
.g .

when X is 224 itbl) . Let l be some

limit
.

For excyle , if X : = IR and M:= Nutri
,

then M +@lebesque measure.

(b) Let V := IN and E := IN? Put X : = &E (so X is the candor space , heace compacted
22 itbl) . Then each point GEZE is just a directed graph on V. Probability
measures on It are called random graphs on V. Let Mo be a prob mess.

supported the linib) set of graph on n: = 10, 1, ..., n-1 . Then (Mul has

a convergent subsequence , whose limit a random graphe which is infinite a . s.


